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RATE OF RETURN ON INVESTMENTS:
A NEW EVALUATION PROCEDURE

Kashi Nath Tiwari*

Abstract

This paper introduces a new procedure to evaluate the rate of return by comparing the reinvestment values of
asset-prices and asset-earnings for the entire holding-period. During the investment horizon if market rates,
on average, remain constant, then the rate of return (ROR) will be zero; if they rise, the ROR will be
negative; and if they fall, the ROR will be positive. When market rates rise (fall), then the time-value of the
asset-price-paid increases (decreases) by a larger (smaller) magnitude than the asset-earnings-received,
thereby making the ROR negative (positive). These results hold true irrespective of whether the holding
period is greater than, equal to, or less than duration; further, it is in stark contrast with the conventional-
results, where the ROR is dependent on the length of the holding period in relation to duration. Within the
purview of the proposed-model, if the bond is held to maturity, then under rising (falling) market rate
conditions the ROR will be negative (positive); while in the conventional models, opposite conclusions are
drawn such that under rising (falling) market rate conditions, the yield-adjusted ROR will be positive
(negative).

INTRODUCTION

The rate of return model introduced in this paper evaluates the reinvestment value of the ratio of asset-earnings
and asset-price such that the ROR is zero when expectations with regard to the future values of market interest rates
are, on average, realized. If the actual rates, on average, exceed their expected levels, then the ROR is negative and
vice versa, irrespective of the length of the investment horizon. In the conventional models, the rate of return is
dependent on the length of the holding-period in relation to duration and the level of market rate movements. It does
not matter at what point in time (initial, intermediate, or maturity) the investment returns are evaluated, the rate of
return is shown to be zero under constant market rate conditions, negative under rising market rate conditions, and
positive under falling market rate conditions. While evaluating the investment returns, this paper includes all the
parametric changes that take place during the investment horizon. It is easier for investors to evaluate their financial
status under the proposed procedure --- in net have investors gained or lost at time n relative to time n-k. The
modeling procedure for the new-ROR and its central theme and contributions are as follows:

1. The new-ROR of this paper is, in fact, the real rate of return in that it measures the changes in the
purchasing power of the initial investments — how much more or less goods and services can be
bought at time H with the money invested at time 0. Under falling (rising) market rate conditions, the
new-ROR correctly informs the investors that it is time to be happy (sad) since the real value of their
asset is appreciating (depreciating), while the old-ROR misinforms the investors by drawing opposite
conclusions. Thus when new-ROR indicates that the investors should be happy, the old-ROR
indicates that they should be sad, and vice-versa. The results of this paper will have significant policy
implications for the investment world of financial companies and their clientele. When should
investors be happy and when should they be sad? When should investors acquire an asset and when
should they dispose off an asset?

2. For simplicity, the author uses the term “new-ROR” or “modified-ROR” to describe the rate of return
that he introduces in this paper, while he refers to the conventional one as the old-ROR. Similarly,
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this paper’s model is referred to as the “new-model” of ROR, while the conventional models are
referred to as the old-model.

3. To make the old-ROR directly comparable to the new-ROR, the author subtracts the expected-old-
ROR from the realized-old-ROR and refers to it as the adjusted-old-ROR* (or, old-ROR*). Thus the
expected-old-ROR is used as a proxy for the yield-to-maturity (Y).

4. The author compares the reinvestment-value of the purchase-price with the reinvestment value of the
earnings to determine the new rate of return for the entire holding period. The conventional models
do not use the time-value of the purchase-price, instead they use the initial purchase-price. This
constitutes the fundamental difference between the new-model and the old-model, leading to
diametrically opposite results, conclusions, and recommendations.

5. The time-valued asset-prices and asset-earnings become instant-prices paid and instant-earnings
received for the entire holding period, and hence the ratio of the value-received and value-paid need
not be subjected to geometric-averaging, which is in contrast to the conventional models, where such
an averaging is a necessity. The paper also considers geometric-averaging of the ratio by treating the
value-received and value-paid as the total revenues and total costs respectively for the entire holding
period. The paper’s results are valid irrespective of whether or not the ratio of the value-received and
value-paid is subjected to geometric-averaging.

6. When market rates rise (fall), then the time-value of the asset-price-paid increases (decreases) by a
larger (smaller) magnitude than the asset-earnings-received, thereby making the ROR negative
(positive).

7. Stark Contrast: At maturity, the new-ROR will be positive, negative, or zero depending upon whether
the market rates, on average, fall, rise, or remain constant respectively over the investment horizon.
The opposite is true with respect to the adjusted-old-ROR*. That is, at maturity, the old-ROR* will be
negative, positive, or zero depending upon whether the market rates, on average, fall, rise, or remain
constant respectively over the investment horizon. The unadjusted-old-ROR, on the other hand, will
be less than Y (yield-to-maturity), greater than Y, or equal to Y depending upon whether the market
rates, on average, fall, rise, or remain constant respectively over the investment horizon.

8. If, on average, the realized market-rates are equal to their expected level, then the value of the new-
ROR will be zero and so will be the value of yield-adjusted-old-ROR*.

9. If the asset is held till maturity and if, on average, realized rates are greater than their expected levels,
then the value of the new-ROR will be negative, while that of the old-ROR will be positive.
Alternatively, if the market rates, on average, rise then the new-ROR will be negative, while the
adjusted-old-ROR* will be positive when the asset is held till maturity. In other words, when market
rates rise, then the old-model informs to investors that their investment is appreciating in value, while
the new-model correctly informs the investors that their investment is, in fact, depreciating. When
market rates rise, investors ought to be happy following the old-model, while they, in fact, ought to be
unhappy if the ROR-analysis is done in the context of the new-model. This has important
implications for investment recommendations to the clientele.

10. If the asset is held till maturity and if, on average, realized rates are less than their expected levels,
then the value of the new-ROR will be positive, while that of the old-ROR will be negative.
Alternatively, if the market rates, on average, fall then the new-ROR will be positive, while the
adjusted-old-ROR* will be negative when the asset is held till maturity. In other words, when market
rates rise, then the old-model informs to investors that their investment is depreciating in value, while
the new-model correctly informs the investors that their investment is, in fact, appreciating. When
market rates fall, investors ought to be unhappy following the old-model, while they, in fact, ought to
be happy if the ROR-analysis is done in the context of the new-model. This has important
implications for investment recommendations to the clientele.

11. Irrespective of the holding (H) period relative to duration (D), if market rates, on average, rise, then
the new-ROR will be always negative; it does not matter whether the holding period is equal to, less
than, or greater than duration. The new-model recommends that under rising market-rate conditions,
the investors should dispose off the asset. However, if the geometric-averaging of the ratio of the
value-received and value-paid is accepted, then the negative-value of the new-ROR diminishes in
value as the holding-period is increased; meaning thereby that the investors losses will dwindle as the
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holding-period is increased, but their losses can never be zero or positive. Under conventional
models, if market rates rise, then ROR=0 for H=D, ROR>0 for H>D, and ROR<0 for H<D.

12. Irrespective of the holding (H) period relative to duration (D), if market rates, on average, fall, then
the new-ROR will be always positive; it does not matter whether the holding period is equal to, less
than, or greater than duration. The new-model recommends that under falling market-rate conditions,
the investors should continue to hold the asset. However, if the geometric-averaging of the ratio of the
value-received and value-paid is accepted, then the positive-value of the new-ROR diminishes in
value as the holding-period is increased; meaning thereby that the investors gains will dwindle as the
holding-period is increased, but their gains can never be zero or negative. Under conventional
models, if market rates fall, then ROR=0 for H=D, ROR>0 for H<D, and ROR<0 for H>D.

13. The proposed model attempts to make the financial language (concept of ROR) more comprehensible
and accessible to the general public, rather than confining it to only a handful of sophisticated
investors as it appears to be the case with the conventional-ROR. The model informs the investors
that if they pay $x at time h and receive $x in return also at time h on an asset, then their ROR will be
zero; if the price exceeds the earnings, the ROR will be negative; and if the price is less than the
earnings, the ROR will be positive. The proposed model candidly informs the general public where
exactly they stand in the marketplace - whether their investments are appreciating, depreciating, or
remaining constant in value. That is, If investors pay $100 at time h and receive $100 in return also at
time h, then their rate of return will be zero; if they pay only $90 to receive $100, then their rate of
return will be positive; and if they pay $110 to receive only $100, then their rate of return will be
negative.

14. Appreciation and Depreciation: In the ensuing analysis, a positive rate of return is taken as to mean an
appreciation in investment value, while a negative rate of return is taken as to mean a depreciation in
investment value.

15. In the conventional models, the immunization occurs at the point of duration (ROR=Y or
equivalently, yield-adjusted-old-ROR* equals zero). However, within the context of the new-model,
the usual duration-immunization principle appears to hold little validity since the new-ROR does not
equal the yield-to maturity at the point of duration.

16. The conventional procedure excludes the impact of inflation rate on the rate of return, while the
proposed procedure accounts for the inflation rate and other parametric changes. It is easier for
investors to evaluate the level of their financial status under the proposed procedure --- in net have
they gained or lost at time n relative to time n-k.

17. A survey of individuals indicates an overwhelming preference for the new-ROR due to the ease of
information and clarity.

18. In paying tribute to the outstanding scholars of the conventional models, the author recommends that
the subsequent evaluation of the real and financial investments be done within the purview of the
new-ROR introduced in this paper.

NOTATION AND DEFINITION

In the ensuing analysis, the following notations will be used:

N = maturity of the asset
H = investment horizon or holding period
Yi = one-period expected market rate applicable for period i+1,

where i = 0, 1, 2, 3, …, n
aYi = one-period actual/realized market rate applicable for period i+1,

where i = 0, 1, 2, 3, …, n
P0 = PV = asset price at time 0, (present value of future income stream)
Pn = at time n, the time-value of the original price-paid, P0

Ph = at time h, the time-value of the original price-paid, P0

Vn = at time n, the value of the asset earnings
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Vh = at time h, the value of the asset earnings
ePn = at time n, the expected (e) time-value of the original price-paid, P0
aPn = at time n, the actual (a) or realized time-value of the original price-paid, P0
eVn = expected (e) time-value of asset earnings in n-periods
aVn = Actual (a) or Realized time-value of asset earnings at time n
eRc = expected (e) rate of return under conventional (c) models
aRc = realized rate of return under conventional (c) models
eRm = expected (e) rate of return under modified (m) model of this paper
aRm = realized rate of return under modified (m) model of this paper
eRci = at time i, expected (e) rate of return under conventional (c) models
aRci = at time i, realized rate of return under conventional (c) models
eRc-y,i = eRc - 

eRc = 0 = at time i, yield-adjusted expected ROR under conventional models
aRc-y,i = aRc - 

eRc = at time i, yield-adjusted actual ROR under conventional models
eRmi = at time i, expected (e) rate of return under the modified (m) model of this paper
aRmi = at time i, realized rate of return under the modified (m) model of this paper
Rgm,i = at time i, the rate of return under the modified model by taking ith root

(geometric mean)

THE THEORETICAL MODEL AND ANALYSIS

The expected rate of return, eRc, and the realized rate of return, aRc, under the conventional model can be defined
as:

eRc = [eVn / P0]
1/N - 1

aRc = [aVn / P0]
1/N - 1

The expected rate of return, eRm, and the realized rate of return, aRm, under the modified model can be defined as:

eRm = [eVn / 
ePn] - 1

aRm = [aVn / 
aPn] - 1

Uniqueness Of The New-ROR:

1. Note the fact that in the new-ROR formulae the ratios, [eVn / 
ePn] and [aVn / 

aPn], are not subjected to
geometric-averaging (they are not nth rooted), while in the conventional models the corresponding
ratios are subjected to geometric-averaging. The reason being that in the modified formula, both
denominator and numerator have been time-valued up to period n, while in the conventional models
only the numerator is time-valued up to period n, while the denominator is time-valued only up to
period 0. Under conventional framework, the price, P0, is paid at time 0 and the revenues are received
n-period later, and hence the convention of geometric-averaging (nth rooting). However, in the
proposed model, the future-value of the price-paid is compared with the future-value of the
investment earnings at time n, which means, de facto, the price (Pn) is paid at time n and the revenue
(Vn) is received at time n, and hence there is no need to take the geometric-average (nth root) of the
ratio, Vn / Pn. The rate of return derived without taking the geometric average of the ratio, Vn / Pn, is
denoted by Rmi in this paper. This ratio is determined to be time-neutral in the ensuing analysis.

2. If Pn, and Vn are not considered as the instant price-paid and instant revenue-received at time n, but
rather Pn is considered as the total price-paid (P0 + time value) in n-periods and Vn is considered as
the total earnings-received in n-periods, then a geometric-average of the ratio, Vn / Pn, will produce a
per period (annual) rate of return (plus one). The rate of return derived by taking the geometric
average of the ratio, Vn / Pn, is denoted by Rgm,i in this paper.
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3. This paper’s Rmi (modified ROR) be compared with the Rci (conventional ROR), for investment-
return evaluation purposes.

4. This paper’s results and recommendations that contrast those of the conventional-models’ are valid
for both Rmi and Rgm,i. The difference between this paper’s two rates, Rmi and Rgm,i is only a matter of
degree rather than the direction (positive or negative). The conventional Rci, fails to provide a candid
investment-return information to investors, while Rmi and Rgm,i provide a direct and precise evaluation
of investment returns.

5. Regardless of whether a geometric average of the ratio, Vn / Pn, is taken or not, this paper’s results are
in contrast to those of the conventional models.

6. Investors may be better off by making investment-decisions based upon the values of the eRmi and
aRmi, rather than the values of eRci

 and aRci.

Appendix 1 provides a discussion on whether the ratio of the value-received and value-paid be subjected to
geometric-averaging.
The present value of future cash flows can be defined as:

P0 = C1  / (1+Y0)

+ C2  / (1 + Y0)(1 + Y1)

+ C3  / (1 + Y0)(1 + Y1)(1 + Y2)

+ . . .+ Cn-2  / (1 + Y0)(1 + Y1)(1 + Y2)+ . . .+ (1 + Yn-3)

+ Cn-1  / (1 + Y0)(1 + Y1)(1 + Y2) + . . . + (1 + Yn-2)

+ (Cn + F) / (1 + Y0)(1 + Y1)(1 + Y2) + . . . + (1 + Yn-1)

The expected n-period value of the future cash flows is given by:

eVn = C1 (1 + Y1)(1 + Y2)(1 + Y3) + . . . + (1 + Yn-1)

+ C2 (1 + Y2)(1 + Y3)(1 + Y4) + . . . + (1 + Yn-1)

+ C3(1 + Y3)(1 + Y4)(1 + Y5) + . . . + (1 + Yn-1)

+ . . . + Cn + F

The realized n-period value of the cash flows is given by:

aVn = C1 (1 + aY1)(1 + aY2)(1 + aY3) + . . . + (1 + aYn-1)

+ C2(1 + aY2)(1 + aY3)(1 + aY4) + . . . + (1 + aYn-1)

+ C3(1 + aY3)(1 + aY4)(1 + aY5) + . . . + (1 + aYn-1)

+ . . . + Cn + F

The expected n-period value of the asset price paid at time 0 is given by:

ePn = P0 [(1 + Y0)(1 + Y1)(1 + Y2) + . . . + (1 + Yn-1)]

The realized n-period value of the asset price paid at time 0 is given by:

aPn = P0 [(1 + aY0)(1 + aY1)(1 + aY2) + . . . + (1 + aYn-1)]

Proposition 1: In the proposed modified model, expected rate of return, eRm, will be always zero. However, the
realized rate of return, aRm, may be negative, positive, or zero depending upon the subsequent changes in the market
rates during the investment horizon.

Since both the numerator and the denominator of the ROR-equation are time-valued up to period n, hence the ratio
of the two, [eVn / 

ePn], will be always equal to one such that,
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eRm = [eVn / 
ePn] - 1 = 0 (always)

Proof of proposition 1: The proof for propostion-2 is similar to that of proposition-2 given below.

Proposition 2: The realized rate of return, aRm, will be equal to zero if the expected market rates are equal to the
actual market rates during the investment horizon.

Proof of proposition-2: Recall that,

aVn = C1 (1 + aY1)(1 + aY2)(1 + aY3) . . . (1 + aYn)

+ C2 (1 + aY2) (1 + aY3) . . . (1 + aYn)

+ C3 (1 + aY3)(1 + aY4) . . .(1 + aYn)

 + . . . +

+ (Cn + F)

aPn = P0 [(1 + aY0)(1 + aY1)(1 + aY2) … (1 + Yn-1)]

substituting the value of P0 yields:

aPn = C1 [{(1 + aY0) / (1 + Y0)}(1 + aY1)(1 + aY2)(1 + aY3) … (1 + aYn-1)]

+ [C2 [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / ( (1 + Y1)]**(1 + aY2)(1 + aY3) … (1 + aYn-1)]

+ [C3 [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / ( (1 + Y1)]**[(1 + aY2) / (1 + Y2)]**(1 + aY3) … (1 + aYn-1)

+ . . . +

+ [(Cn + F)** [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / (1 + Y1)]**[(1 + aY2) / (1 + Y2)]**[(1 + aY3) / (1 + Y3)]**

**[(1 + aYn-1) / (1 + Yn-1)]

Since aY0 = Y0, 
aY1 = Y1, 

aY2 = Y2, 
aY3 = Y3, …

 aYn-1 = Yn-1

therefore,

aPn = C1(1 + aY1)(1 + aY2)(1 + aY3) … (1 + aYn)

+ C2(1 + aY2) (1 + aY3) … (1 + aYn)

+ C3(1 + aY3)(1 + aY4) … (1 + aYn)

+ … + (Cn + F)

Thus, the first term of the expression for aPn will be equal to the first term of the expression for aVn, the second term
of the expression for aPn will be equal to the second term of the expression for aVn, the third term of the expression
for aPn will be equal to the third term of the expression for aVn, the fourth term of the expression for aPn will be equal
to the fourth term of the expression for aVn , …, and the nth term of the expression for aPn will be equal to the nth term
of the expression for aVn. Therefore,

aVn = aPn, and thus

[aVn / 
aPn] = 1

and hence,

aRm = [aVn / 
aPn] - 1 = 0 (QED)

Proposition 3: If actual market rates are higher than the expected rates, then aVn < aPn, and aRm < 0.
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Proof of proposition 3: Recall that,

aVn = C1(1 + aY1)(1 + aY2)(1 + aY3) … (1 + aYn)

+ C2(1 + aY2) (1 + aY3) … (1 + aYn)

+ C3(1 + aY3)(1 + aY4) … (1 + aYn)

+ …+

+ (Cn + F)

aPn = P0 [(1 + aY0)(1 + aY1)(1 + aY2) … (1 + Yn-1)]

substituting the value of P0 yields:

aPn = [(1 + aY0)(1 + aY1)(1 + aY2) … (1 + aYn-1)]** [C1 / (1 + Y0)

+ C2 / (1 + Y0)(1 + Y1)

+ C3 / (1 + Y0)(1 + Y1)(1 + Y2)

+ … +

(Cn + F) / (1 + Y0)(1 + Y1)(1 + Y2) … (1 + Yn-1)]

or,

aPn = C1 [{(1 + aY0) / (1 + Y0)}(1 + aY1)(1 + aY2)(1 + aY3) … (1 + aYn-1)]

+ [C2 [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / ( (1 + Y1)]**(1 + aY2)(1 + aY3) … (1 + aYn-1)]

+ [C3 [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / ( (1 + Y1)]**[(1 + aY2) / (1 + Y2)]**(1 + aY3) … (1 + aYn-1)

+ …+

+ [(Cn + F)** [(1 + aY0) / (1 + Y0)]**[(1 + aY1) / (1 + Y1)]**[(1 + aY2) / (1 + Y2)]**[(1 + aY3) / (1 + Y3)]**

**[(1 + aYn-1) / (1 + Yn-1)]

Since aY0 = Y0, however, aY1 > Y1, 
aY2 > Y2, 

aY3 > Y3, …
 aYn-1 > Yn-1

therefore, the first term of the expression for aPn will be equal to the first term of the expression for aVn; however. the
second term of the expression for aPn will be greater than the second term of the expression for aVn, the third term of
the expression for aPn will be greater than the third term of the expression for aVn, the fourth term of the expression
for aPn will be greater than the fourth term of the expression for aVn ,…, and the nth term of the expression for aPn will
be greater than the nth term of the expression for aVn. Therefore,

aVn < aPn,

and thus

[aVn/
aPn] < 1

and

aRm = [aVn / 
aPn] - 1 < 0 (QED)

Proposition 4: If the actual market rates are lower than the expected rates, then aVn > aPn and aRm > 0.

Proof:

Since aY0 = Y0, and, by assumption, aY1 < Y1, 
aY2 < Y2, 

aY3 < Y3, …, aYn-1 < Yn-1
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therefore, the first term of the expression for aPn will be equal to the first term of the expression for aVn; however. the
second term of the expression for aPn will be less than the second term of the expression for aVn, the third term of the
expression for aPn will be less than the third term of the expression for aVn, the fourth term of the expression for aPn

will be less than the fourth term of the expression for aVn,…, and the nth term of the expression for aPn will be less
than the nth term of the expression for aVn. Therefore,

aVn > aPn,

and thus

[aVn / 
aPn] > 1

and

aRm = [aVn / 
aPn] - 1 > 0 (QED)

CHANGES IN MARKET RATES

In the proposed model, the break-even value of R is zero, at which point the investor receives what he paid for.
Furthermore,

1. R = 0, if either Y remains constant or it changes, on average, in a neutralizing fashion

2. R > 0, if either Y decreases or it changes, on average, in a decreasing fashion

3. R < 0, if either Y increases or it changes, on average, in an increasing fashion

The proof is given below.

Accumulated coupon reinvestment effect at time h is given by:

(CRE)h = C1 (1 + aY1)(1 + aY2)(1 + aY3) + ... + (1 + aYh-1)

+ C2(1 + aY2)(1 + aY3)(1 + aY4) + ... + (1 + aYh-1)

+ C3(1 + aY3)(1 + aY4)(1 + aY5) + ... + (1 + aYh-1)

+ … + C3(1 + aYh)(1 + aYh+1)(1 + aYh+2) + ... + (1 + aYh-1)

Sale-price at time h is given by,

Ph
s = Ch+1 / (1 + aYh)

+ Ch+2 / (1 + aYh)(1 + aYh+1)

+ Ch+3 / (1 + aYh)(1 + aYh+1)(1 + aYh+2)

+ ... + Cn-2 / (1 + aYh)(1 + aYh+1)(1 + aYh+2) … (1 + aYh)(1 + aYh+1)(1 + aYn-3)

+ Cn-1 / (1 + aY0)(1 + aY1)(1 + aY2) + ... + (1 + aYn-2)

+ (Cn + F) / (1 + aY0)(1 + aY1)(1 + aY2) + ... + (1 + aYn-1)

Time value of the purchase price is given by,

aPh = P0 [(1 + aY0)(1 + aY1)(1 + aY2) + ...+ (1 + aYh-1)]

The rate of return at time h is given by

Rmh = [(CRE)h + 
aPh

s
 ] /

  aPh - 1
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Therefore,

Rmh > 0, if, on average, the set of the realized values of the market rates, {aY0, 
aY1, 

aY2,…, aYn-1}, is
greater than the set of the expected values of the market rates, {Y0, Y1, Y2,…, Yn-1}, in terms of its effect
on coupon reinvestment value, sale-price value, and the time-value of the purchase price.

Rmh > 0, if, on average, the set of the realized values of the market rates, {aY0, 
aY1, 

aY2,…, aYn-1}, is less
than the set of the realized values of the market rates, {Y0, Y1, Y2,…, Yn-1}, in terms of its effect on
coupon reinvestment value, sale-price value, and the time-value of the purchase price.

Rmh = 0, if, on average, the set of the realized values of the market rates, {aY0, 
aY1, 

aY2,…, aYn-1}, is
equal to the set of expected values of the market rates, {Y0, Y1, Y2,…, Yn-1}, in terms of its effect on
coupon reinvestment value, sale-price value, and the time-value of the purchase price.

FLUCTUATIONS IN R DUE TO CHANGES IN Y:
NUMERICAL ILLUSTRATIONS

In this section, the author proves, through numerical examples, the propositions stated in section 3.

Proposition 2: If the actual market rates are equal to the expected rates, then aRm = 0
(proof through a numerical example):

N = 3, C = 100, F = 1,000

Y0 = 0.10, Y1 = 0.08, Y2 = 0.15
aY0 = 0.10, aY1 = 0.08, aY2 = 0.15

P0 = [100/1.1] + 100/((1.1)*(1.08)) + (100)/((1.1)*(1.08)*(1.15)) + (1000)/((1.1)*(1.08)*(1.15))  = 980.237
ePn = (980.237)*[(1.1)*(1.08)*(1.15)] = 1339.2
aPn = (980.237)*[(1.1)*(1.08)*(1.15)] = 1339.2
eVn = 100*(1.08)*(1.15) + (100)*(1.15) + 100 + 1000 = 1339.2
aVn = 100*(1.08)*(1.15) + (100)*(1.15) + 100 + 1000 = 1339.2
eRc = (1339.2/980.237) ^ (1/3) - 1 = .1096
aRc = (1339.2/980.237) ^ (1/3) - 1 = .1096
eRm = (1339.2/1339.2) - 1 = 0 (ROR without geometric-averaging)
aRm = (1339.2/1339.2) - 1 = 0 (ROR without geometric-averaging)

old-ROR* = Rc-y = 
aRc - 

eRc = .1096 - .1096 = 0 (yield-adjusted Rc)

If, on average, the realized market-rates are equal to their expected level, then the value of the new-ROR will be
zero and so will be the value of old-ROR*.

At maturity, the actual time value of the total revenue is exactly the same as the actual time value of the total cost
such that the investor receives exactly the same asset (bundle of goods and services) for which he had initially paid.
A layperson will see the asset as a vehicle for maintaining the value of his/her savings; and thus the net rate of return
is perceived to be zero. Under conventional model, the expected rate of return is positive (.1096) and is equal to the
actual rate of return (.1096); this is due to the fact that the time value of the price paid is ignored. The yield-
adjusted-old-ROR is zero.

Proposition 3: If the actual market rates are higher than the expected rates, then aRm < 0.
(proof through a numerical example):

N = 3, C = 100, F = 1,000

Y0 = 0.10, Y1 = 0.08, Y2 = 0.15
aY0 = 0.10, aY1 = 0.09, aY2 = 0.25
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P0 = [100/1.1] + 100/((1.1)*(1.08)) + (100)/((1.1)*(1.08)*(1.15)) + (1000)/((1.1)*(1.08)*(1.15)) = 980.237
ePn = (980.237)*[(1.1)*(1.08)*(1.15)] = 1339.2
aPn = (980.237)*[(1.1)*(1.09)*(1.25)] = 1469.13
eVn = 100*(1.08)*(1.15) + (100)*(1.15) + 100 + 1000 = 1339.2
aVn = 100*(1.09)*(1.25) + (100)*(1.25) + 100 + 1000 = 1361.25
eRc = (1339.2/980.237) ^ (1/3) - 1 = .1096
aRc = (1361.25/980.237) ^ (1/3) - 1 = .1157
eRm = (1339.2/1339.2) ^ (1/3) - 1 = 0
aRm = (1361.25/1469.13) - 1 = - 0.07343 < 0 (ROR without geometric-averaging)
aRgm,3 = (1361.25/1469.13) ^ (1/3) - 1 = - 0.0251 < 0 (ROR with geometric-averaging)

old-ROR* = Rc-y = 
aRc - 

eRc = .1157 - .1096 = 0.0061 > 0 (yield-adjusted Rc)

If the asset is held till maturity and if, on average, the realized rates are greater than their expected levels, then
the value of the new-ROR will be negative, while that of the old-ROR* will be positive. Alternatively, if the market
rates, on average, rise then the new-ROR will be negative, while the adjusted-old-ROR* will be positive when the
asset is held till maturity. In other words, when market rates rise, then the old-model informs to investors that their
investment is appreciating in value, while the new-model correctly informs the investors that their investment is, in
fact, depreciating. When market rates rise, investors ought to be happy following the old-model, while they, in fact,
ought to be unhappy if the ROR-analysis is done in the context of the new-model. This has important implications
for investment recommendations to the clientele.

At maturity, the actual time value of the total revenue is less than the actual time value of the total cost such that
the investor receives less than what he had initially paid for; the net rate of return, therefore, is negative. When
market rates rise, the opportunity cost of the price paid increases. The Future value of the earnings has also increased
under scenario; however, the opportunity cost of the price paid has increased by a larger magnitude than the increase
in the future value of the revenues. Consequently, the rate of return is negative. Under conventional model that uses
the initial bond price as the divisor, however, the net rate of return has increased to .1196 (positive). Similarly, the
yield-adjusted-old-ROR is also positive.

Proposition 4: If the actual market rates are lower than the expected rates, then aRm > 0
(proof through a numerical example):

N = 3, C = 100, F = 1,000

Y0 = 0.10, Y1 = 0.08, Y2 = 0.15
aY0 = 0.10, aY1 = 0.03, aY2 = 0.12

P0 = [100/1.1] + 100/((1.1)*(1.08)) + (100)/((1.1)*(1.08)*(1.15)) + (1000)/((1.1)*(1.08)*(1.15)) = 980.237
ePn = (980.237)*[(1.1)*(1.08)*(1.15)] = 1339.2
aPn = (980.237)*[(1.1)*(1.03)*(1.12)] = 1243.88
eVn = 100*(1.08)*(1.15) + (100)*(1.15) + 100 + 1000 = 1339.2
aVn = 100*(1.03)*(1.12) + (100)*(1.12) + 100 + 1000 = 1327.36
eRc = (1339.2/980.237) ^ (1/3) - 1 = .1096
aRc = (1327.36/980.237) ^ (1/3) - 1 = 0.106333 > 0
eRm = (1339.2/1339.2) - 1 = 0
aRm = (1327.36/1243.88) - 1 = 0.067113 > 0 (ROR without geometric-averaging)

Rgm,3 = (1327.36/1243.88) ^ (1/3) - 1 = 0.021888 > 0 (ROR with geometric-averaging)

Rc-y = 
aRc - 

eRc = 0.106333 - 0.1096 = -0.00327 < 0 (yield-adjusted Rc)

If the asset is held till maturity and if, on average, the realized rates are less than their expected levels, then the
value of the new-ROR will be positive, while that of the old-ROR* will be negative. Alternatively, if the market
rates, on average, fall then the new-ROR will be positive, while the adjusted-old-ROR* will be negative when the
asset is held till maturity. In other words, when market rates rise, then the old-model informs to investors that their
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investment is depreciating in value, while the new-model correctly informs the investors that their investment is, in
fact, appreciating. When market rates fall, investors ought to be unhappy following the old-model, while they, in
fact, ought to be happy if the ROR-analysis is done in the context of the new-model. This has important implications
for investment recommendations to the clientele.

At maturity, the actual time value of the total revenue is greater than the actual time value of the total cost such
that the investor receives more than what he had initially paid for; the net rate of return, therefore, is positive. When
market rates decrease, the opportunity cost of the price paid decreases. The Future value of the earnings also
decreases, however, the opportunity cost of the price paid has decreased by a larger magnitude than the decrease in
the future value of the revenues. Consequently, the rate of return is positive. Under conventional models, that use the
initial bond price as the divisor, however, the net rate of return has decreased from .1096 (under constant Y) to .1063
(under decreased Y).

CONCLUDING REMARKS

The time-valued asset-prices and asset-earnings become instant-prices paid and instant-earnings received for the
entire holding period, and hence the ratio of the value-received and value-paid need not be subjected to geometric-
averaging, which is in contrast to the conventional models, where such an averaging is a necessity. The paper also
considers geometric-averaging of the ratio by treating the value-received and value-paid as the total revenues and
total costs respectively for the entire holding period. The paper’s results are valid irrespective of whether or not the
ratio of the value-received and value-paid is subjected to geometric-averaging. Under the geometric-averaging of the
ratio of the value-received and value-paid, if market rates rise, then the longer the bond is held the better, since the
negative-value of the ROR diminishes as holding period increases; while if market rates fall, then the shorter-period
the bond is held the better, since the positive-value of the ROR increases as holding period decreases.

The fundamental difference between the proposed model and the conventional model lies in the denominator of
the ROR expression, where the proposed model uses the reinvestment value of the asset-price, while conventional
models use the initial price paid at time 0. When market rates rise (fall), then the time-value of the asset-price-paid
increases (decreases) by a larger (smaller) magnitude than the asset-earnings-received, thereby making the ROR
negative (positive).

The paper defines the appreciation and depreciation of the investment value in terms of the positivity and
negativity of the rate of return respectively. If market rates rise and the asset is held till maturity, then the new-ROR
is negative, implying a depreciation in investment value, while the old-ROR* is positive, implying an appreciation
in investment value. Similarly, if market rates fall and the asset is held till maturity, then the new-ROR is positive,
implying an appreciation in investment value, while the old-ROR* is negative, implying an appreciation in
investment value. Only when the market rates remain constant during the investment horizon that the model’s yield
identical results. The new-ROR of this paper draws diametrically opposite conclusions to those of the conventional-
ROR. Individuals reveal an overwhelming preference for the new-ROR due to the ease of information and clarity.

APPENDIX 1
Geometric Averaging In ROR

1. The ratio (value-received/value-paid) should not be subjected to geometric-averaging (because it is viewed as
the ratio of instant sale-price and instant purchase-price at time H, the holding-time)

2. The ratio (value-received/value-paid) should be subjected to geometric-averaging (because it is viewed as the
ratio of total-revenue and total-costs at time H, the holding time)

THE RATIO (VALUE-RECEIVED / VALUE-PAID)
SHOULD NOT BE SUBJECTED TO GEOMETRIC-AVERAGING

Using the instant price-received at time n and instant price-paid at time n, the ratio of value-received and value-
paid should not be nth rooted.

At each point in time, R is determined by taking the ratio between the value-received and value-paid; as time
progresses, of course more coupons will be received, but at the same time, equi-proportionately, more costs will also
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be incurred (in the form of higher time-value of the price paid). The changes in the costs as well as revenues will
occur in an R-neutralizing fashion. With time, the revenues will rise, but, equi-proportionately, so will the costs to
keep the rate of return constant at all times, If the market rate changes during the first period and remains at that
level throughout the asset-life, then the rate of return becomes time-neutral (independent of the holding time) such
that the returns will be the same regardless of whether the asset is disposed off instantly or at a later date. The
investor would not gain by holding the asset for a longer period of time. For example, if market rate decreases (to
cause R to be 41%) a few moments later on day 0 and is expected to remain that way until maturity, then it does not
matter whether the asset is sold immediately or it is held until maturity; the investor will receive only 41% return
under all circumstances (on day 0, he receives 41% on an investment of P0; at time 1, he receives 41% on an
investment of P0(1+Ynew); at time 2, he receives 41% on an investment of P0(1+Ynew)2; at time 3, he receives 41% on
an investment of P0(1+Ynew)3; at time n, he receives 41% on an investment of P0(1+Ynew)n; and so on. In other words,
investor invests less during first year in the amount, P0, and gets a 41% return on it, while during the nth year, he
invests more in the amount, P0(1+Ynew)n, and still gets a return of only 41%. Then why wait until the nth year to
invest a larger sum, why not invest a sum in the amount, P0(1+Ynew)n,, during first year to get a return of 41%. If the
investor is confident that the market rate will decrease to yield a return of 41% and it will remain at that level until
maturity, then he need not wait but he should cash in the return of 41% instantly, as waiting for another day will not
yield any higher returns.

However, if the investor’s expectations with regard to the constancy of the decreased market rate is not realized,
then he may be worse off (or better off) by selling the bond earlier depending upon in what direction (rise or fall) he
was incorrect in his expectations. In particular, if he cashes in the profits during first year under the expectations of a
constant market rate, and the market rate subsequently further falls during second year, then his return would have
been higher had he waited until second year.

THE RATIO (VALUE-RECEIVED/VALUE-PAID)
SHOULD BE SUBJECTED TO GEOMETRIC-AVERAGING

Using the total revenue and total cost principle to determine the rate of profit in n-periods, the ratio of revenue
and cost be nth rooted.

         
0 1 2 3 n
P0 P0(1+Y0) P0(1+Y0)(1+Y1) P0(1+Y0)(1+Y1)(1+Y2) P0(1+Y0)(1+Y1)...(1+Yn-1)

TC = FC + VC

FC = P0

VC = VC1 + VC2 + VC3 +…+ VCn

VC = [Y0P0 ] + [Y1P0(1+Y0)] + [Y2P0(1+Y0)(1+Y1)] +…+ [Yn-1P0(1+Y0)(1+Y1)…(1+Yn-2)]

= P0{[Y0] + [Y1(1+Y0)] + [Y2(1+Y0)(1+Y1)] +…+ [Yn-1(1+Y0)(1+Y1)…(1+Yn-2)]

thus,

TC = P0 + P0{[Y0] + [Y1(1+Y0)] + [Y2(1+Y0)(1+Y1)] +…+ [Yn-1(1+Y0)(1+Y1)…(1+Yn-2)]

where,

VC1 = [P0(1+Y0)] - [P0] = Y0P0

VC2 = [P0(1+Y0)(1+Y1)] - [P0(1+Y0)] = Y1P0(1+Y0)

VC3 = [P0(1+Y0)(1+Y1)(1+Y2)] - [P0(1+Y0)(1+Y1)] = Y2P0(1+Y0)(1+Y1)
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VCn = [P0(1+Y0)(1+Y1)…(1+Yn-2)(1+Yn-1)] - [P0(1+Y0) (1+Y1)…(1+Yn-2)]

= Yn-1P0(1+Y0)(1+Y1)…(1+Yn-2)

The total accumulated revenue in n-years = TR = aVn

The total accumulated cost in n-years = TC

Therefore, the rate of return should be nth rooted:

Rn = (TR/TC)(1/n) - 1

WITHOUT GEOMETRIC-AVERAGING OF
THE RATIO OF VALUE-RECEIVED AND VALUE-PAID

Within the purview of this paper’s model, if market rate increases during first year and remains at that level until
maturity, then the investor’s rate of return will be a constant negative number for any holding period (H) relative to
duration (D), (i.e., irrespective of whether H > D, H < D, H = D, H = 0, or H = n). This is in stark contrast with the
conventional results, where if market increases then R>Y for H >D, R<Y for H<D, and R=Y for H=D.

Within the purview of this paper’s model, if market rate decreases during first year and remains at that level until
maturity, then the investor’s rate of return will be a constant positive number for any holding period (irrespective of
whether H > D, H < D, H = D, H = 0, or H = n). This is in stark contrast with the conventional results, where if
market decreases then R<Y for H >D; R>Y for H<D; and R=Y for H=D.

In this paper’s model, if market rate does not change at all during the life of the asset, then R=0 for any holding
period, while under conventional models, R=Y for any holding period.

UNDER GEOMETRIC-AVERAGING OF
THE RATIO OF VALUE-RECEIVED AND VALUE-PAID

If Y remains constant throughout the life of the bond, then the rate of return under the proposed framework will
be 0, while under conventional framework it will be equal to the yield to maturity. This statement is true regardless
of the distance between duration and the holding period (i.e., irrespective of whether H=D, H>D, or H<D).

If Y increases, then under conventional framework, R = Y at duration, R > Y past the duration, and R < Y before
the duration. Under the proposed framework, R < 0 if Y increases, and the negative rate of return diminishes in
value as the holding period increases and approaches maturity. Thus both models appear to produce similar results:
if Y increases, then the longer the asset is held the better.

If Y decreases, then under the conventional framework, R = Y at duration, R < Y past the duration, and R > Y
before the duration. Under the proposed framework, R > 0 if Y increases, and the positive rate of return diminishes
in value as the holding period increases and approaches maturity. Thus both models appear to produce similar
results: if Y decreases, then the shorter the holding period, the better (i.e., the asset should be discarded as quickly as
possible).
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